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A linear stability analysis is derived in self-imaging cavities for which the conditions for large Fresnel
number are stated. In cases of both Fabry-Pérot and ring cavities a Hopf bifurcation is predicted at finite
transverse wave number. The self-imaging Fabry-Pérot resonator operates as a longitudinal multimode cavity
that invalidates the mean-field model. Above the bifurcation threshold, either vortex lattices, spirals, or targets
occur, depending on the Fresnel number, the input intensity, and the mistunings. The time and spatial charac-
teristics have different scales in the case of a self-imaging ring cavity, but the same sort of patterns are
reported.

DOI: 10.1103/PhysRevE.73.036220 PACS number�s�: 89.75.Kd, 42.65.Sf, 42.60.Da, 42.65.Yj

I. INTRODUCTION

The optical parametric oscillator �OPO� with plane mirror
is an ideal laboratory for the study of spatial instabilities,
when driven by a continuous plane-wave laser beam, in the
limit of large Fresnel number. Theoretical works have, in-
deed, revealed many kinds of patterns, like periodic and qua-
siperiodic patterns, localized structures, vortices, and spirals
�1–3�, while experiments were generally performed with
spherical cavities that preferentially give rise to patterns in-
volving a few cavity eigenmodes �4–6�.

Quasiconcentric cavities, which are self-imaging cavities,
would be ideal cavities for the observation of any pattern, if
the eigenmode waist did not vanish. Other self-imaging cavi-
ties were designed, which circumvent that difficulty. First, a
ring cavity of full length close to 8f , in which the crystal is
symmetrically set between two pairs of confocal lenses with
focal length f , was proposed for the theoretical study of
transverse instabilities in a saturable medium �7�. Later
Taranenko et al. �8� set up a self-imaging Fabry-Pérot reso-
nator, of a full length close to 4f , observing labyrinths and
localized structures with a photorefractive medium. In the
case of a ring cavity, they reported the formation of vortex
lattices �9�.

If a model was already developed in the case of the
ring cavity �7�, this paper is, to our knowledge, the first
attempt at a theoretical approach for the quasi-self-imaging
Fabry-Pérot resonator. We consider a nonlinear medium, in
which the formation of spirals is expected, as discussed
by several authors �10�. For that reason, we treat the case of
an OPO where the signal and idler have different longitudi-
nal wave numbers, more precisely a frequency divide-by-
three �3:2:1� OPO �11�, where spirals were displayed in
the framework of the mean-field theory �12�. Here we start
from the propagation model �3� which allows us to include
the spherical cavity effects due to Fabry-Pérot geometry
in the boundary conditions. Our analysis, devoted here to
the OPO, can be very easily extended to other nonlinear
systems.

The paper is organized as follows. We first show that a
description in terms of transverse Fourier modes is well
adapted to the study of instabilities. The linear stability
analysis of the trivial state is given in detail in the case

of the Fabry-Pérot resonator �Sec. II B� and briefly extended
to the ring cavity �Sec. II C�. In both cases, a Hopf bifurca-
tion occurs, but with very different frequencies. Then
the conditions for stable operation of the Fabry-Pérot cavity
in the large Fresnel number limit are derived in Sec. III. In
such cases, simulations display spirals and vortex lattices,
when the Hopf bifurcation comes with a finite critical
transverse wave number. The numerical time and space char-
acteristics are found to agree with the linear stability analysis
predictions. A homogeneous Hopf bifurcation can also occur
in the ring cavity. In that case, only targets were obtained
when varying the cavity mistunings.

II. LINEAR STABILITY ANALYSIS

A. Model equations

The amplitudes of the pump with angular frequency 3�0,
the idler �2�0�, and the signal ��0� are solutions of two sets
of equations, the reduced Maxwell equations for the propa-
gation inside the crystal plus the boundary conditions. Let � j
�j= p , id ,s� be the amplitudes for the pump, idler, and signal.
The reduced Maxwell equations for the phase-matched
beams are

�z�p = i�2�p/6npk0 + i�s�id, �1�

�z�id = i�2�id/4nidk0 + i�p�s
*, �2�

�z�s = i�2�s/2nsk0 + i�p�id
* , �3�

where �2 is the transverse Laplacian, k0=�0 /c is the longi-
tudinal wave number of the signal, and nj �j= p , id ,s� is the
refractive index.

The boundary conditions for a light beam with amplitude
E�z ,r� and driving wave number k are determined with the
help of the relation �13�

E�z2,r0� =
− ik

2�C
� dr E�z1,r�exp

ik

2C
�r2D − 2r0 · r + Ar0

2�

�4�

which expresses the free-space propagation effects �includ-
ing diffraction, lenses, etc.� from location z1 to z2 with the
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help of the matrix �A ,B ,C ,D�. They take different forms
depending on whether the Fabry-Pérot �FP� or the ring cavity
is in consideration.

B. Fabry-Pérot self-imaging symmetrical cavity

Let L be the distance between the two identical lenses
and Lfree=L−�, close to 2f , where � ���L� is the crystal
length. The distance between a lens and the nearest plane
mirror is Lfree /2, so that the free-space propagation length of
the light between a crystal face and the nearest mirror is
Lfree.

For the light propagating from the ending face at z=�,
going through the lens L2, being reflected at mirror M2, go-
ing again through L2, and coming back to the ending face
�Fig. 1�, the matrix �A ,B ,C ,D� is

� − 1 + 2g2 − 2g/f

2fg�1 − g2� − 1 + 2g2 � �5�

corresponding to a confocal cavity, with g=1−Lfree /2f .
The Fourier mode basis is expected to be adapted to

spherical self-imaging cavities, which approach plane-wave
cavities. In a general manner, any transverse Fourier mode
eiK·r undergoes the transformation

1

A
eikr2�A2−1�/2AC−iK2C/2kAeiK·r/A �6�

when using Eq. �4�. Therefore for the half cavity trip de-
scribed by matrix �5�, any Fourier mode eiK·r at z=� comes
back to the same location as

eiK·r → − e−iK·r �7�

in the limit Lfree→2f . The relation �7� shows that the Fourier
mode basis is well adapted to the study of self-imaging
Fabry-Pérot resonators and allows one to simply express the
boundary conditions. The change of the transverse wave vec-
tor K to −K and the phase lag � are consequences of con-
focality for the half cavity. For g not exactly zero, as in a real
situation, the phase lag deviates from � by a small quantity
���K2fg /k=K2�2f −Lfree� /2k. This phase shift depends on
the driving beam wave number, which is in the ratio 3:2:1 for
the pump, idler, and signal beams. The r-dependent phase
shift in Eq. �6�, also proportional to g, is neglected in this
analysis. This r-dependent inhomogeneity can originate in
the formation of targets instead of spirals, as shown by Hen-
drey et al. �14�, when integrating an r-dependent complex
Ginzburg-Landau equation.

Let the forward amplitudes be Fs,id�t ,r ,z� and
the backward amplitudes Bs,id�t ,r ,z� for the signal and
the idler, close to the lasing threshold. At z=0, the
Fourier mode expansions Fs,id=	e�KtFs,id�K ,z�eiK·r and
Bs,id=	e�KtBs,id�K ,z�eiK·r give rise to the boundary condi-
tions, using Eq. �7�,

�Fs�K,0�
Fid

* �K,0�
� = Mconf�Bs�− K,0�

Bid
* �− K,0�

� �8�

with

Mconf = �Rse
−i��−��s−�s� 0

0 Ride
i��+��id−�id� � �9�

where Rs,id and �s,id are the mirror reflectivities and mistun-
ings for signal and idler, respectively. These mistunings are
those undergone in a full round trip of duration 	, because
the phase mismatch between the forward and backward am-
plitudes is proportional to 2z. Equivalently at z=�, the
boundary conditions are

�Bs�K,��
Bid

* �K,��
� = Mconf�Fs�− K,��

Fid
* �− K,��

� . �10�

For the pump, the boundary conditions are

Fp�t,r,0� = E0 + Rpei�pBp�t − 	/2,r,0� ,

Bp�t,r,�� = Rpei�pFp�t − 	/2,r,�� , �11�

where Bp�t ,r ,0� and Fp�t ,r ,�� are left hand members
of Eq. �4�. Assuming that the input pump beam is a plane
wave and that the forward and backward pump beams are
not modified in the crystal, i.e., Fp�t ,��=Fp�t ,0� and
Bp�t ,0�=Bp�t ,��, we get, at the lowest order, using Eq. �7�
with K=0

Fp�t,0� = E0 − Rpei�pBp�t − 	/2,0� ,

Bp�t,0� = − Rpei�pFp�t − 	/2,0� . �12�

Inside the crystal, solutions for the signal and idler for-
ward amplitudes obey

�Fs�K,��
Fid

* �K,��
� = CF�Fs�K,0�

Fid
* �K,0�

� �13�

with the nonlinear matrix, as deduced from Eqs. �2� and �3�

CF = � e−i�K2/2nk0 ie−i�K2/2nk0Fp

− iei�K2/4nk0Fp
* ei�K2/4nk0

� �14�

where n is the refractive index in the crystal, assumed to be
identical for the three beams. Solutions for backward ampli-
tudes follow by replacing Fp by Bp in Eq. �13� and also in
Eq. �14�, giving rise to the matrix CB. Then applying
MconfCBMconfCF on �Fs�K ,�� ,Fid

* �K ,���† and using Eqs.
�8�–�14�, we get the characteristic equation

FIG. 1. Schema of the Fabry-Pérot resonator with mirrors M1,2

and lenses L1,2.
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e2�	 − 2e�	+i
R2�cos � − Rp
Fp
2� + R4

�e2i
�1 + Rp
2
Fp
4 − �1 + Rp

2�
Fp
2� = 0 �15�

with 
=�s−�id− �̃K2 /4k0, �=�s+�id−3�̃K2 /4k0, and

Fp=E0 / �1−Rp
2ei�p�, where �̃=� /n+Lfree−2f is the effective

diffraction length for a half round trip. Rid=Rp=R is also
assumed. At threshold �Re��=�+ i�=0�, Eq. �15� exhibits a
Hopf bifurcation with

	 = 
 + � = � + ��s − �id − �̃K2/4k0� �16�

at finite transverse wave number Kcrit,

3�̃

4k0
Kcrit

2 = �� + �s + �id� �� = �� �17�

�here �̃ is assumed to be positive�. The threshold input is
easily deduced from Eqs. �15�–�17�

E0
th �

�1 − R2�
1 − R2ei�p


2R�R
�18�

with Rp�R�1. Assuming �s,id�1, Eqs. �16� and �17� give
rise to

	 � 2�/3, �19�

i.e., a period equal to T=3	. Let us note that mod�2�� solu-
tions for Kcrit are irrelevant because the period 2� / cannot
be smaller than the round-trip time.

In the same conditions, a divide-by-2 OPO would display
a homogeneous Hopf bifurcation with period 2	.

C. Ring self-imaging symmetrical cavity

Any Fourier mode is assumed to be recovered at
z=0 after a full round trip, as displayed by using Eq. �7�
twice, with a phase 2K2fg /k. Let �5 =� /n+2Lfree−4f

be the effective diffraction length. For �5 ��s+�id��0, there
is a Hopf bifurcation with finite critical wave number
characterized by

	 = �2�s − 4�id�/3,

Kcrit
2 = 4k0/3�5 ��s + �id� , �20�

and Fp
th= �1−R2� /R2 if we assume two mirrors with reflectiv-

ity R. For �5 ��s+�id��0, we recover a homogeneous Hopf
bifurcation with 	= ��s−�id� /2 as predicted with the mean-
field model �12�.

III. NUMERICAL RESULTS

Simulations have been performed for the FP and ring
cavities, using data close to an experimental situation.
For the crystal, we take typical values given to us by Zondy,
in case of phase matching, �k=3np−2nid−ns=0, with
slightly different refractive indices �2.17, 2.15, and 2.10�.
The propagation inside the crystal of length �=0.25 cm
is treated by a split and step method, integrating the coupled

reduced Maxwell equations for the three beams with
step �z=0.1�. The light propagation from an ending face
of the crystal, going through the lens with f =2.5 cm
and arriving at the mirror with R=0.95, is calculated
with the help of the integral �4�. Numerical results were
checked using different grid lengths and numbers �512
�512 or 1024�1024�. Finally, a flat circular input ampli-
tude E0e−�r / 4wp�16

is chosen �variations of the input waist
input only change the threshold input�. The waist for
any beam is determined from the associated Rayleigh length,
as usual for spherical cavities �15�. Close to the self-imaging
condition, the Rayleigh length for the FP cavity is

zd= f�−�̃ /2fg. Figure 2 shows that this resonator is unstable
for 2f −� /n�Lfree�2f . Furthermore the Rayleigh length di-
verges for Lfree−2f →0 by positive values, giving rise to
infinite waists.

Lasing occurs above the Hopf bifurcation threshold as
predicted by the linear stability analysis.

In case of the Fabry-Pérot resonator, the time trace of the
complex amplitudes displays the 3	 period, as predicted in
Eq. �19� for small mistunings. The motion is generally qua-
siperiodic, the slow period being close to 2� / ��s−�id�,
which is the first Hopf bifurcation period for a filled-up reso-
nator without lenses. This slow period probably appears here
as a second Hopf bifurcation, associated with K2�0. The
threshold input E0

th�0.07 is much larger than the prediction
given by Eq. �18�. This discrepancy is not surprising because
Eq. �18� has been obtained for a plane-wave input. Either
lattices of vortices, spirals, or targets appear for different
L ,�s ��id=0 in any case�, and E0. They were never found to
coexist in the investigated domains of parameters. For in-
stance, with L=5.3 cm, �s=0.2, and Fresnel number

N=zd / �̃�26, a vortex lattice occurs, as displayed in Fig. 3
by the real part of the amplitude �b� and the stationary inten-
sity �a�. The numerical wave number of this lattice is about
6.7wp

−1 and agrees qualitatively with the critical value de-
duced from Eq. �17�, equal here to 8.7wp

−1. This structure is
stable; it occurs for larger mistunings and a large range of the
input E0.

Figure 4 reports patterns for L=5.5 cm �N�8� and
�s=0.3: A spiraling pattern occurs close to the threshold �Fig.

FIG. 2. Rayleigh length scaled to 2f as a function of L /2f for
the Fabry-Pérot cavity.
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4�b��, which makes a 2� revolution in a time equal to the
slow period 2� /�s; the intensity pattern displays eight con-
centric rings. Far above the threshold, the spiral destabilizes,
giving rise to a nonstationary vortex lattice, as shown on Fig.
4�a�.

At L=5.6 cm, a target occurs for �s=0.1 with six rings as
shown in Fig. 5, while a spiral is formed for �s=0.5, with
seven rings on the intensity profile.

These results show that the patterns are very sensitive to
�s. They show also that vortex lattices can occur for finite
Fresnel number, far enough from the unstable regime where
zd diverges �see Fig. 2�.

For the ring cavity, the same patterns are expected,
while with a different space scaling because of smaller
critical wave number, and with a slow time period. �Compare

Eqs. �17� and �19� with Eq. �20��. Vortices occur on the
trivial unstable state for L=5.3 cm, �s=0.5, and E0=0.07, as
shown in Fig. 6�a�. For a higher input, E0=0.14
and �s=0.3, the nontrivial homogeneous state destabilizes,
giving rise to a spiraling pattern, as shown in Fig. 6�b�. Spi-
rals have also been obtained on the trivial unstable state.

IV. DISCUSSION

The above linear analysis has taken lensing and propaga-
tion effects outside the crystal into account phenomenologi-
cally, introducing only dephasing terms. The Fourier
mode expansion is an approximation that allowed us to pre-

FIG. 3. Fabry-Pérot resonator with Lfree=5.05 cm. Intensity �a�
and real part �b� of the signal amplitude. The full window is 15wp.

FIG. 4. Fabry-Pérot resonator with Lfree=5.25 cm. Real part of
the signal amplitude for E0=0.07 �b� and 0.12 �a�. Same window as
in Fig. 3.
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dict the Hopf bifurcation period and the critical wave number
for both the Fabry-Pérot resonator �Eqs. �16� and �17�� and
the ring cavity �Eq. �20��. This analysis has pointed out the
scale differences for the transverse space and time variables
between a Fabry-Pérot and a ring cavity. For the Fabry-Pérot
resonator, the period is equal to 3	 �2	� for a divide-by-three
�two� OPO. This result implies a longitudinal multimode op-
eration �3� that invalidates the mean-field model. For a
self-imaging ring cavity, the characteristic time is much
larger than the round-trip time, so that the mean-field model
applies.

The patterns in Figs. 3–5 occur for very small effective
diffraction lengths, i.e., for large but finite Fresnel numbers.
They look like the patterns observed in photorefractive me-

dium experiments �9�. In our simulations, vortex lattices oc-
cur for L=5.3 cm, as well as for L=5.5 cm, i.e., when the
Fresnel number has decreased by a factor about 3. Neverthe-
less the single spiral is found only for “small” Fresnel num-
ber, as in the latter experiment.

These spirals are fully nonlinear patterns, differently
from the structures occurring in a confocal resonator,
which are superpositions of a few cavity eigenmodes �6�.
We have not derived a nonlinear analysis close to the
Hopf threshold but we may infer that, in the ring cavity
case, the amplitude equations would be of complex
Swift-Hohenberg or Ginzburg-Landau types, depending

on the sign of �5 ��s+�id�. These equations were derived in
the case of a plane mirror ring cavity �10�. In our case

FIG. 5. Fabry-Pérot resonator with Lfree=5.35 cm, E0=0.12,
�=0.1. �a� Stationary intensity. �b� Real part of the signal amplitude
at a given time. Same window as in Fig. 3.

FIG. 6. Ring cavity. Signal intensity for Lfree=5.05 cm �a� and
real part of the amplitude for Lfree=5.3 cm �b�. The full window is
7.5wp.
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the lensing effect term eikgr2/f should be taken into account,
introducing in the amplitude equation a small r-dependent
term due to spherical mirrors. As an example, the ring

cavity vortex lattices shown in Fig. 6�a� for positive �5 ��s

+�id��0 are interpreted as solutions of a complex Swift-
Hohenberg equation. For the opposite inequality,
solutions of the complex Ginzburg-Landau are expected. In
that case, our simulations have displayed no spirals but
only targets.

In conclusion, quasi-self-imaging cavities are very prom-

ising for the observation of transverse instabilities analyzed
in the framework of plane mirror cavities.
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